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Abstract

Some papers have dealt with the construction of 2-concurrence de-
signs as an optimization problem. In this paper we generalize these
results to formulate also the construction of partially balanced in-
complete block designs with 2 associate classes as a combinatorial
optimization problem. We will propose an algorithm based on tabu
search to construct many of these designs. Our algorithm was able
to construct 51 resolvable and 71 non-resolvable PBIBD(2)s.

1 Introduction

The construction of incomplete block (IB) designs has been and remains

a very active research area in discrete mathematics and statistics. Many
algorithms have been given to construct certain types of designs, for exam-
ple: partially balanced incomplete block designs with m associate classes
(PBIBD(m)s) [26], Steiner triples systems [24], a-lattices [Z1] and some
balanced incomplete block designs (BIBDs) [10]. However, there is no effi-
cient algorithm for this purpose. Furthermore, there are trivial necessary
conditions, but the sufficient conditions for the existence of designs with
given parameters are unknown.

Though BIBDs can be constructed for a series of particular parame-
ters, the general solution is unknown so far. These designs are known to
exist for a limited number of parameter situations. Bose and Nair [3] de-
fined partially balanced incomplete block designs with m associate classes
(PBIBD(m)s). These designs are used for example in plant breeding work
[[2] and group testing [Z4].

The construction or the existence and the resolvability of PBIBD(m)s
has received less attention than the balanced case. Clatworthy [6] has given



a list of partially balanced incomplete block designs with two associate
classes. Since there are many parameter situations for which PBIBD(m)s
do not exist, Jarret [T2] weakened the conditions and defined m-concurrence
designs. Just as the balanced case, the general existence of m-concurrence
and PBIBD(m)s still remains as an open problem.

Several approaches have been proposed to construct incomplete block
designs. Of these, the least explored and most interesting to us is the com-
binatorial optimization approach. In order to construct designs some opti-
mization techniques have been applied: A hill-climbing algorithm has been
used in the construction of Steiner triple designs and other combinatorial
designs [24]. A simulated annealing algorithm was used by Mathon [I3] to
find non-isomorphic BIBDs. Elenbogen and Maxin [R] tried unsuccessfully
to solve one instance of a resolvable regular 2-concurrence design using
some techniques of combinatorial optimization. Recently a hill-climbing
technique [I1], a simple tabu search (TS) procedure [[H] and a genetic
algorithm [0, 23] could construct this design. Also a simple tabu search
procedure was used in [I6] and [27] to construct some resolvable regular 2-
concurrence designs. More recently, Morales [I8] used also a TS to construct
many non-regular 2-concurrence designs. Also this author has constructed
some differences families and eight new BIBDs in an optimization approach
(9, 20].

In this paper the construction of resolvable and non-resolvable PBIBD(2)
designs is formulated as a combinatorial optimization problem, in which
symbols are assigned to blocks, trying to minimize the number of viola-
tions of some defining conditions. When the number of violations reaches
zero, a valid design has been found. Even though time complexity for the
general construction of block designs has not been analyzed, the completion
of partial BIBD is shown to be an NP-complete problem, see [[7]. In this
paper we shall describe a heuristic procedure based on the tabu search tech-
nique to solve the combinatorial optimization problem for various instances
of PBIBD(2)s.

This work, to our knowledge, represents the first effort to apply an op-
timization approach to construct PBIBD(2)s. For some design parameters
the algorithm reached the optimal solution at 100% of the runs. But for
other design parameters, our implementation could not produce an “op-
timal” solution. Tabu search could also find many PBID(2)s that were
obtained before by other methods.

Section 2 gives the definition of PBIBD(m)s, and some of their proper-
ties. We also define three matrices, which allow to formulate the construc-
tion of the designs in an optimization approach. In Section 3, we formulate
the construction of these designs as a discrete optimization problem. In
Section 4, a brief review of the basic principles of TS is given. Then,
Section 5 presents an implementation of tabu search for the optimization



problem. Computational results are reported in Section 6, and the latter
section consists of conclusions.

2 PBIBD(m)s

In this section m-concurrence and PBIBD(m) are defined, as well as three
matrices associated with them. Though the first two matrices are usually
defined on any study of designs, here, we will use the matrices to formulate
the construction of these designs as an optimization problem.

Definition 1 An equi-replicate incomplete block design (EIBD) is a pair
(V,B) where V is a v-set of symbols and B is a collection of b k-subsets of
V' called blocks, such that each symbol occurs in r blocks, where k < v.

Definition 2 An m-concurrence design is an equi-replicate incomplete block
design satisfying the following conditions:

(1) Any two symbols are either 1st, 2nd,..., or m-th associates, the relation
of association is symmetrical.

(2) Each symbol o has n; i-th associates (i = 1,...,m), the numbers n;
being independent of the symbol c.

(3) Two symbols which are i-th associates occur together in exactly A;
blocks (1 =1,...,m), where \;’s are distinct.

Definition 3 A partially balanced incomplete design with m associate classes
is an m-concurrence design which satisfies the condition:

(4) If any two symbols v and (3 are i-th associates, then the number p', (., 5)
of symbols that are j-th associates of a and t-th associates of B de-
pends only on i, j,t, and not on « and B (so we write this number as

p;‘t)'

The numbers v, b, 7, k, A, n; (i =1,...,m) are called the parameters
of the first kind, whereas the numbers pg-t (i,j,t =1,...,m) are called the
parameters of the second kind of the design.

Bose and Clatworthy in [5] showed that for partially balanced designs
with two associate classes, it is unnecessary to assume the constancy of all
the parameters pg-t because, if p}; and p?; are constant, then all parameters
of the second kind are also constant This important property will be used
to simplify the construction of PBIBD(2)s.



Let us now define the matrices associated with the designs. With an
equi-replicate incomplete block design we associate a v x b matrix A = (a;;)
where

u {1, if symbol ¢ belongs to block j,
i —

0, otherwise.

We call A the incidence matrix of the design. Clearly, this matrix satisfies

v

> ay=k 1<j<b, (1)
i=1

b

Zaij:r, 1< <. (2)
j=1

Conversely, if A is a v x b matrix of zeros and ones satisfying ([]) and (B),
it can easily be verified that A is the incidence matrix of an EIBD.

If A is the incidence matrix of an equi-replicate incomplete block design,
then the concurrence matrix of the design is the symmetrical v x v matrix
B = AA" (A’ being the transpose of A). Clearly, for every two distinct
symbols « and (3, the entry b,g is the number of blocks where they occur
together. Note that the matrix B has r on the diagonal. It follows from
Definition 2.2 that each row of the concurrence matrix B of an m-concurr-
ence design consists of

ni n2 MNm

—_—— —— —_—
AL, oy AL, Aoy A9, o A, ..o, Ay, and 7 on the diagonal. (3)

Conversely, if A is a v x b matrix of zeros and ones satisfying ([ll) and (P)
and the matrix B = AA’ satisfies (f), then, it is not hard to verify that
A and B are respectively the incidence and concurrence matrices of an m-
concurrence design with the parameters v, b, v, k, \; and n; (i = 1,...,m).
The last matrix we will define is the intersection matrix C' = (cqg) of
order v X v associated to an equi-replicate incomplete block design, where
Cap is the number of symbols that are first associate to a and also first
associate to 3, for o # 3. (Two symbols are first associates, if they occur
together in exactly A; blocks). The diagonal is undefined. It is not hard
to see from the definition of PBIBD(2)s that this matrix is symmetric, and
for any two different symbols « and 3
o= { ply, if symbols a and 3 are 1st associates, (4)
B p?,, if symbols a and 3 are 2nd associates.

In any 2-concurrence design the constancy of the parameters pi; and p?,
imply the constancy of the all parameters of the second kind [5]. Thus, the



matrices A, B = AA’ and C are respectively the incidence, concurrence and
intersection matrices of a partially balanced incomplete block design with
two associate classes with parameters v, b, r, k, A\;, n;, p}t, p?t (4,7, t =1,2)
if and only if A is a v X b matrix of zeros and ones that satisfies ([]) and
(B), B satisfies (§) and C'is a v x v matrix satisfying (f).

It is well known that necessary conditions for the existence of a PBIBD(m)
with the parameters v, b, r, k, \;, n;, pj.t (i,j,t =1,...,m) are

vr = bk, (5)
Z n;, = v— 1, (6)
i=1

r(k—1) = Y mX, (7)
i=1

m
Sopl = nj— 6, (8)
t=1
”ipé‘t = 1P} 9)

If the blocks of a design can be divided into r subsets P; called parallel
classes of size ¢ = b/r so that every symbol of V' appears in one block from
each class, the design is called resolvable. From this definition, we have a
further necessary condition for the existence of a resolvable design: k must
divide v.

Balanced incomplete block designs are a special case within m-concurr-
ence designs when m = 1. Since these designs have only one associate class,
n1 =v — 1, so p}; = v — 1. For any balanced incomplete block design, the
entries of its concurrence matrix B are r on the diagonal and A elsewhere.
Notice that for m = 1, the 1-concurrence designs and the partially balanced
incomplete designs with 1 associate classes are the same.

Other simple class of partially balanced incomplete designs, apart from
the balanced incomplete block designs, are those with m = 2 distinct
concurrences. For these designs, ni,no > 0 and Ay # Ay, If A\p is the
integer part of r(k — 1)/(v — 1) and Ay = Ay = 1 the design is called a
regular graph design.

The concept of an associate class was developed by Bose and Shimamoto
[@] and it is the basis for a classification of PBIBD(2)s. These designs are
classed into six types, namely: group divisible, triangular, Latin square
types, cyclic, partial geometry and miscellaneous.



3 Optimization

As observed in the previous section, for constructing an m-concurrence
design it is necessary to find a matrix A of zeros and ones that satisfies ([l])
and (B), and the matrix B = AA” must satisfy (J). Although it is not hard
to find a matrix A that satisfies the first two constraints, the last constraint
can be very difficult to satisfy in practice. Thus, the construction of EIBDs
is trivial, but the construction of m-concurrence designs and PBIBD(m)s
is not an easy problem.
Given two integers ¢ and s we define the function

Hyo() = {(m —t)?, ifx#s,

1, ifx=s.

Let v, b, 7, k, A1, A2, n1 and nay be integers satisfying (H)-([]), and A\; < As.
Let D be an EIBD with parameters v, b, » and k. Then, the (A1, A2)-
imbalance of D is defined as

a0 (D) =D Hy, x, (bag), (10)
a<lf

where (bqs) is the concurrence matrix of the design D. Morales [[7] proved
that for any EIBD D with parameters v, b, r and k, we have oy, ,(D) >
vny/2 and this value is attained if and only if D is a 2-concurrence design
with parameters v, b, r, k, A1, A2, n1 and ny. So, he formulated the
construction of 2-concurrence designs as a minimization problem with the
cost function oy, »,. Before, Brown [2] proved a similar result for regular
2-concurrence designs.

However, to include the constancy of the parameters pi; and p?; in an
optimal way, we must use the intersection matrix C' = (cog). A v x b matrix
A of zeros and ones defines a PBIBD with two associate classes if the matrix
A satisfies constraints ([l), (f), and the matrix B = AA’ satisfies (f), and
further the matrix C satisfies (H]). Therefore, to formulate the construction
of PBIBD(2)s as an optimization problem, it is necessary to add a new
component to the cost function. This function g computes the degree of
violations of the constraint (f]). Hence, the second component of the cost

function is
9(C) = Qlcap),

a<f

where

0, if cop = p3; and o and 3 are second associate,

Q(cap) = {

(Cap — pi)?, otherwise.



Clearly, the lower bound of g is zero. The intersection matrix C' of a 2-
concurrence design satisfies (f]) if and only if g(C) = 0, because any pair of
symbols is either first or second associate. Therefore, a partially balanced
incomplete block design with two associate classes is constructed whenever
the cost function oy, », + ¢ reaches the optimal value vng/2 and the matrix
A of zeros and ones satisfies constraints ([l) and (f]). Thus, the construction
of PBIBD(2)s can also be formulated as an optimization problem, but with
the cost function oy, x, + ¢.

For the group divisible, triangular, Latin square types, cyclic and partial
geometry PBIBD(2)s, the parameters pi; and p?; can be calculated from
the parameters of the first class (see [B]). While for the miscellaneous
designs these parameters cannot be known beforehand. Nevertheless, there
are bounds for the parameters (see [[2, Theorems 3.2-3.3]). Using these
bounds, (§) and () we obtain all possible values for these parameters.
Then, each one of these values is taken in the optimization process until a
PBIBD(2) is found.

In order to formulate the construction of resolvable designs as an opti-
mization problem, we need another constraint for the matrix A:

Z aqj = 1 for each symbol o and for each parallel class F;, i = 1,...,7.
BjeP;
(11)
Clearly, the incidence matrix of an EIBD satisfies ([]) if and only if the
design is resolvable. Adding the corresponding constraint ([[1]) to the pre-
ceding optimization problems, we can also formulate the construction of
resolvable PBIBD(2)s as an optimization problem.

4 Tabu Search Heuristic

The tabu search method is an iterative heuristic method used for finding,
in a set X of feasible solutions, the solution that minimizes an objective
function f based on neighborhood search (NS).

In neighborhood search, each feasible solution x has an associated set
of neighbors, N(z) C X, called the neighborhood of x. NS starts from
an initial feasible solution chosen at random and explores the space X by
moving from one solution to another one in its neighborhood. At each
iteration of the process, a subset V' of N(z) is generated and we move from
the current solution z to the best one z* in V, whether or not f(z*) is
better than f(x). If N(x) is small, it is possible to take V as the entire
neighborhood.

In some optimization problems, including the problem at hand, when
exploring the set V' we find that there are multiple optimal solutions. Then,



an important feature in these problems is to make a random choice of the
best solution z* of V. As we will see in the next section, this allows one to
obtain the theoretical minimum value vng /2 for many parameter situations.
Nevertheless, the main shortcoming of this simple heuristic optimization
algorithm is a cycling problem.

Stopping rules must also be defined; in many cases (including our op-
timization problem) a lower bound f* of the objective function is known
in advance. As soon as we have reached this bound, we may interrupt the
algorithm. In general, however, f* is not available with sufficient accuracy,
so a fixed maximum number of iterations is given.

The tabu search algorithm offers another interesting possibility for over-
coming the above-mentioned obstacle of the NS technique. To prevent cy-
cling, a queue called the tabu list T of length |T| = t is provided. Its aim is
to forbid moves between solutions that reinstate certain attributes of past
solutions. After t iterations they are removed from the list and are free
to be reinstated. The tabu list is also called a short term memory func-
tion, because it stores information on the ¢ most recent moves. Likewise,
a long-term memory is used to improve the search process as we shall see
in the adaptation of this technique. This memory is used to diversify the
search and move to unexplored regions, and is usually based on a frequency
criteria.

Unfortunately, the tabu list may forbid certain interesting moves, such
as those that lead to a better solution than the best one found so far. An
aspiration criterion is introduced to cancel the tabu status of a move when
this move is judged useful.

Note that neighborhood search is a tabu search method without an
aspiration function and where the length of the tabu list is zero.

5 Adaptation of Tabu Search

The most important points in the implementation of TS for our particular
application are: the search space X, the objective function f, the neighbor-
hood function N(z), the method of choosing the initial solution, the length
of the tabu list T', the aspiration criterion and the stop criterion.

For the construction of resolvable and non-resolvable PBIBD(2)s, we
define the search space X as the family of all resolvable and non-resolvable
EIBDs, respectively.

Two EIBDs D’ and D are defined as neighbors if one of them is obtained
from the other by exchanging two symbols ¢ and j from different blocks B;
and B,,. For resolvable designs, the blocks B; and B,,, must be chosen from
the same parallel class. Note that the move that transforms D into D’ is
defined by the four-dimension vector (%, j,{,m). In terms of the incidence



matrix, X’ is a neighboring solution of X if for some 1, j, 1, m:

x;l =0 if zy, = 1, x;m =1 if 2y = 0,
30;‘1 =1 if Tjm = 0, aj;m =0 if Tj = 1,
x;q = Tpq, for (pa(I) i (i,l),(j,m),(j,l),(@m).

It is not hard to see that each resolvable design has r(g) kk resolvable
neighbors [8]. However, for non-resolvable designs the number of neighbors
varies with respect to the design configuration. Since these designs allow
the exchange of two symbols from any two different blocks (not necessarily
in the same parallel class), the number of non-resolvable neighbors is greater
than those resolvable. In the construction of resolvable designs, we take V' =
N(z). On the contrary, for non-resolvable designs we generate randomly a
subset V' C N(z) with size 0.8|N(X)].

The objective function used was oy, x, + ¢ (defined in section 3). The
definition of the neighborhood and the objective function allow one to cal-
culate the change in the function f without recomputing the cost of the
entire design. After the move (4,7,l,m), the only entries of the concurr-
ence matrix C' that change are those belonging to the i-th or j-th rows, or
columns. Therefore, the value of a move can be calculated in O(v) opera-
tions. By contrast, the entire matrix C' can be calculated in O(v?), because
the order of C is v. Note that the complexity has been reduced by a factor
of 1/v.

An initial resolvable EIBD is generated as follows: In each parallel class
we randomly split v symbols into g blocks, each one of them with &k symbols.
However, the method of choosing random initial solutions for non-resolvable
designs is most difficult. A generating procedure for resolvable designs may
be written in pseudo-code as follows:

cli] =0, z[i,j] =0,1<i<v,1<j<b
for j =1tobdo
begin
n=1
choose the symbols 1,...,v in index order randomly e[1],...,e[v]
sort the sequence e[1],. .., e[v] such that cle[i]] < cle[i +1]], 1 <i<b
=1
while (n < k) do
begin
if (c[e[l]] < r) then
begin
zlefl], j] =1
clell]] ++
n++



end
I+ +
end
end

To construct the tabu list, we forbid, during ¢ iterations, the exchange
of any two symbols that were exchanged between two different blocks. For-
mally, the tabu list consists of vectors (4, 7,1, m), where ¢ and j are symbols
that cannot be exchanged from blocks B; and B,,. Since for resolvable
designs the blocks in each parallel class are determined by any of their sym-
bols, then the tabu list —for resolvable designs— consists of triples (i, 7,1),
where 7 and j are symbols that cannot be exchanged in the parallel class .

The long term memory is a function that records moves taken in the
past in order to penalize those which are non-improving. The goal is to
diversify the search by compelling regions to be visited that possibly were
not explored before [9]. In our particular T'S implementation, the long-term
memory is a v X v matrix, which will be denoted F'. The matrix has zeroes at
the beginning of the procedure. When a pair of symbols (s, t) are swapped
at a given iteration, the matrix changes as follows: Fg; = F;+1. (The entry
(Fs,) is the frequency at which the symbols s and ¢ have been swapped).
Then, the values of non-improving moves that switch the symbols s and ¢
are increased by Fg;.

We used the standard aspiration criterion. This criterion allows the
tabu status of a move from D to D’ to be canceled if the value f(D’) is
strictly better than the best value obtained so far. This means that the
tabu status of a move from D to D’ may be dropped if f(D') < f(D°),
where D¢ is the best solution found so far.

The process stops if the function f has reached the global minimum
vng /2. However, since TS is a heuristic technique, it does not always guar-
antee reaching an optimal solution, and the search process will be stopped if
the number of iterations used without improving the best solution is greater
than a nimax limit.

6 Numerical Results

The TS algorithms described above were implemented in C language. They
are available for free downloading from the website
http://www.mcc.unam.mx/~1lbm

Our heuristic algorithms were used to construct resolvable and nonre-

solvable PBIBD(2)s on the set problems of designs with parameters v < b/2,
8<v<24,5<r<20and 3 <k <8. All tabu search runs were carried
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out with a random initial solution. T'S procedure was carried out 20 times
using ntmax = 900 on each instance tested.

In our experiments, we have observed that there are instances very easy
to solve (always in less than 100 iterations), whilst others are difficult, but
TS obtained, with high probability (up to 90%), an optimal solution with
an average number of iterations ranging from 150 to 400; other instances
are very hard. For later instances, it was necessary to incorporate a long
memory term -frequency matrix- to obtain an optimal solution, and our
algorithm never reached 90% of successful runs. Unfortunately, there were
many design parameters where our heuristic methods produced no opti-
mal solution. Our algorithms were able to construct 51 resolvable and 71
nonresolvable PBIBD(2)s. Table 1 presents the list of design parameters
of PBIBD(2)s that TS was able to produce. Each row of this table corre-
sponds to an instance. Columns 2-8 show the parameters of the first kind.
Columns 9-10 give respectively the parameters pi; and p?; (the other six
parameters of the second kind can be calculated from equations (§) and
(@)). Column ITO gives the average number of iterations where the global
minimum was found. Column POS shows the percentage of runs where the
global minimum was found. Column AS indicates the association scheme
for the design in the Clatworthy classification [6]. GD(n,m) indicates that
the association scheme for the design is a group divisible with parameters
m and n. T(n) indicates that the PBIBD(2) is a triangular design with
parameter n. L;(n) indicates that the association scheme for the design is
of latin square type with parameters n and i(> 2) constraints. GD*(m,n)
and T™*(n) indicate that in the designs GD(n,m) and T'(n) the label 1st
and 2nd associates have been swapped.

We have tested the random neighborhood search and tabu search on
the problems at hand. The impact of the length tabu was investigated. For
easy instances, the difference between NS and TS is not significant, both
give always the global minimum at equivalent CPU time. For difficult and
hard instances TS gives the best results. The results for these instances
show that the best length tabu seems to be an integer somewhere between
4 and 7.

In our experiments on difficult and hard instances, we have seen that for
a fixed problem, the number of iterations needed to find an optimal solution
strongly depends on the initial solution. For example, a PBIBD(2) with
parameters (10,20,12,6,7,4,8,1,6,8) was found in 8 iterations with one
initial solution, while about 903 iterations were required to reach another
optimal solution using a different initial solution.

Finally, Table 2 gives a resolvable PBIBD(2) with parameters v = 12,
b=30,7r=10, k=4, \1 =2, Ay =3, n1 =3, ng =8, pi; = 2 and
p?, = 2 obtained by TS algorithm. Each row in Table 2 corresponds to a
parallel class of the design. Also, in this table we give the concurrence and
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Table 2. A ( 12,30,10,4,2,3,3,8,2,0)-RPIBD(2) and its concurrence
and intersection matrices obtained by TS

26 710 38 912 14 511

13 910 56 7 8 24 11 12

3 8 10 11 45 7 9 12 6 12

26 911 34 5 7 18 10 12

12 3 5 4 6 10 11 78 9 12

24 8 9 56 10 12 13 711

14 910 27 811 35 612

16 7 9 23 412 5 8 10 11

59 11 12 23 710 14 6 8

25 910 17 11 12 34 6 8

concurrence matrix Intersection matrix
023323323333 *20020020000
203323323333 2*0020020000
330332332323 00*002002020
333033233232 000*00200202
223303323333 2200*0020000
332330332323 00200*002020
333233033232 000200*00202
223323303333 2200200*0000
332332330323 00200200*020
333233233032 000200200 %*02
332332332303 0020020020%*0
333233233230 00020020020 *

intersection matrices of the design.

7 Conclusions

In this paper, we used a recent result on 2-concurrence designs to formulate
the construction of PBIBD(2)s as a discrete optimization problem where we
require optimal solutions rather than close approximations to them. The
theoretical minimum of the objective function is known in advance, and
this value is reached if and only if a PBIBD(2) is constructed. We have
shown that it is possible to find an optimal solution to this problem using
a procedure based on TS. An important feature incorporated into TS was
to make a random choice whenever there are multiple best solutions. This

12



tends to diversify the search and helps preventing cycling.

From the computational experiments we have seen that there are de-
sign parameters which are easy, difficult and hard to construct, and others
where TS produces no optimal solutions. In easy and dificult instances a
tabu search procedure with one tabu list is sufficient to solve them. How-
ever, for other designs it was necessary to incorporate a long memory term
—frequency matrix— to obtain an optimal solution. So, TS procedures
construct some new PBIBD(2)s which are not available in the catalogues
of experimental designs. Moreover TS was able to construct other designs
whose existence already was known. The experiments on the difficult and
hard instances have shown that for a fixed problem, the number of iter-
ations needed to find an optimal solution strongly depends on the initial
solution.

TS was able to construct 51 nonregular resolvable and 71 nonresolvable
PBIBD(2)s, many of them with high probability (up to 90%) of successful
runs. Unfortunately, T'S did not produce optimal solutions for many of the
tested problem instances.
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Note. Designs marked { are resolvable
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Table 1. PBIBD(2)s obtained by TS — continued

No. v b r k M X n1 ne ph pfl ITO POS AS

42t 12 27 9 4 2 3 6 5 0 6 227 100 GD*(2,6)
431 12 27 9 4 3 0 9 2 6 9 685 15 GD*(4,3)
441 18 27 9 6 3 0 15 2 12 15 1145 10 GD*(G,S)
45 8 18 9 4 3 4 1 6 0 0 12 100 GD(4,2)
46 12 18 9 6 4 5 10 1 8 10 111 100 GD*(6,2)
474 12 40 10 3 1 2 2 9 1 0 473 15 GD(4,3)
48t 12 40 10 3 2 0 10 1 8 10 406 15 GD*(6,2)
49t 9 30 10 3 2 4 6 2 3 6 124 100 GD*(3,3)
50 9 30 10 3 3 1 6 2 3 6 706 20 GD*(3,3)
51 12 30 10 4 2 3 3 8 2 0 540 5 GD(3,4)
52 10 25 10 4 3 6 8 1 6 8 361 40 GD*(5,2)
53 10 25 10 4 4 2 6 3 3 4 417 25 T(5)

54 8 16 10 5 6 4 6 1 4 6 92 95 GD*(4,2)
55t 12 20 10 6 4 5 5 6 4 0 22 100 GD(2,6)
56 8 20 10 4 3 6 4 3 0 4 14 85 GD*(2,4)
57 8 20 10 4 4 6 6 1 4 6 12 85 GD*(4,2)
58 10 20 10 5 4 5 5 4 0 5 135 100 GD*(2,5)
59 18 20 10 9 4 5 5 12 4 0 718 95 GD(3,6)
60f 9 33 11 3 2 3 2 6 1 0 63 100 GD(3,3)
61t 9 33 11 3 2 5 6 2 3 6 272 100 GD*(3,3)
62 8 22 11 4 5 3 6 1 4 6 9 100 GD*(4,2)
63 10 22 11 5 4 5 1 8 0 0 12 100 GD(5,2)
64 14 22 11 7 5 6 12 1 10 12 654 55 GD*(7,2)
65t 12 48 12 3 2 3 9 2 6 9 510 55 GD*(4,3)
661 12 48 12 3 2 4 10 1 8 10 720 30 GD*(6,2)
67 10 40 12 3 2 4 6 3 3 4 77 5 T(5)

68 10 40 12 3 3 0 8 1 6 8 71 10 GD*(5,2)
69 8 32 12 3 3 6 6 1 4 6 9 80 GD*(4,2)
70t 12 24 12 6 5 6 6 5 0 6 21 100 GD*(2,6)
71t 12 24 12 6 6 4 8 3 4 8 421 70 GD*(3,4)
72 10 20 12 6 6 8 6 3 3 4 472 10 T(5)

73 10 20 12 6 7 4 8 1 6 8 253 60 GD*(5,2)
74 9 18 12 6 8 6 6 2 3 6 358 15 GD*(3,3)
75 8 24 12 4 5 6 6 1 4 6 18 100 GD*(4,2)
76 10 24 12 5 5 6 6 3 3 4 13 100 T(5)

79 39 13 3 3 4 6 2 3 6 172 100  GD*(3,3)
78t 9 39 13 3 4 1 6 2 3 6 162 10 GD*(3,3)
79t 8 26 13 4 5 6 3 4 2 0 9 100 GD(2,4)
80 10 26 13 5 6 4 8 1 6 8 149 80 GD*(5,2)
81t 9 39 13 3 4 1 6 2 3 6 162 10 GD*(3,3)
82t 8 26 13 4 5 6 3 4 2 0 9 100 GD(2,4)

Note. Designs marked { are resolvable
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Table 1. PBIBD(2)s obtained by TS — continued

No. v b r k M X ni ne p%l pfl ITO POS AS

83 10 26 13 5 6 4 8 1 6 8 149 80 GD*(5,2)
84 12 26 13 6 5 6 1 10 0 0 29 100 GD(6,2)
851 9 42 14 3 3 5 6 2 3 6 442 85 GD*(3,3)
86 9 42 14 3 4 2 6 2 3 6 435 15 GD*(3,3)
87 10 35 14 4 4 6 6 3 3 4 80 5 T(5)

88 10 20 14 7 10 8 6 3 3 4 186 45 T(5)

89 10 28 14 5 6 8 8 1 6 8 157 90 GD*(5,2)
90 12 28 14 6 5 8 6 5 0 6 465 40 GD*(2,6)
91 14 28 14 7 6 7 7 6 0 7 1334 40 GD*(2,7)
92 9 45 15 3 3 4 2 6 1 0 252 100 GD(3,3)
93 8 40 15 3 3 6 4 3 0 4 61 25 GD*(2,4)
94 10 50 15 3 3 6 8 1 6 8 12 68 GD*(5,2)
95 10 50 15 3 4 2 6 3 3 4 12 10 T(5)

96 8 40 15 3 4 6 6 1 4 6 8 100 GD*(4,2)
97t 8 30 15 4 6 7 4 3 0 4 10 100 GD*(2,4)
98+ 8 30 15 4 7 3 6 1 4 6 78 95 GD*(4,2)
99 14 35 15 6 6 3 12 1 10 12 1095 40 GD*(7,2)
100 10 25 15 6 9 7 6 3 3 4 507 30 T(5)

101 12 45 15 4 4 5 10 1 8 10 151 95 GD*(6,2)
102 10 30 15 5 6 7 3 6 0 1 17 100 (5

103 12 30 15 6 6 7 2 9 1 0 79 100 GD(4,3)
104 14 30 15 7 6 7 1 12 0 0 215 100 GD(7,2)
105 10 40 16 4 4 7 5 4 0 5 332 55 GD*(2,5)
106 10 40 16 4 5 8 8 1 6 8 18 45 GD*(5,2)
107 10 40 16 4 6 4 6 3 3 4 32 10 T(5)

108t 16 32 16 8 7 8 8 7 0 8 79 100 GD*(2,8)
109 8 32 16 4 6 7 1 6 0 0 21 100 GD(4,2)
110 10 32 16 5 7 8 8 1 6 8 25 100 GD*(5,2)
111 12 32 16 6 7 8 8 3 4 8 68 100 GD*(3,4)
112t 9 51 17 3 4 5 6 2 3 6 259 100  GD*(3,3)
1131 10 34 17 5 7 8 4 5 3 0 41 100 GD(2,5)
114 12 34 17 6 7 8 3 8 2 0 74 100 GD(3, 4)
115 16 34 17 8 7 8 1 14 0 0 579 15 GD(8,2)
116 12 36 18 6 8 9 9 2 6 9 139 100 GD*(4,3)
117t 10 38 19 5 8 9 5 4 0 5 17 100 G’D*(Q7 5)
118 8 38 19 4 8 9 6 1 4 6 25 100 GD*(4,2)
119 12 38 19 6 9 5 10 1 8 10 743 55 GD*(6,2)
120t 8 40 20 4 8 9 3 4 2 0 13 100 G’D(Q7 4)
121 10 40 20 5 8 9 1 8 0 0 13 100 GD(5,2)
122 12 40 20 6 9 10 10 1 8 10 85 95 GD*(6,2)

Note. Designs marked { are resolvable
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